We show the convergence of Kähler Ricci flow on toric Fano surfaces staring from any Kähler metric in the canonical class.
Introduction
This is the first part of our study of Kähler Ricci flow in Fano surfaces. In this note, we concentrate on the convergence of the Kähler Ricci flow in the toric Fano surfaces, i.e., CP 1 × CP 1 , CP 2 #kCP 2 with k = 0, 1, 2, 3.
In [29] , Zhu proved that starting from any toric metric, the Kähler Ricci flow on a toric Fano manifold will converge to a Kähler Ricci soliton exponentially fast. He achieved this by reducing the equation to a real second order parabolic equation where the right hand side is a Monge Ampere operator. The fact that the potential function is a real convex function in the primary domain of the toric action is heavily used. Since this proof is very analytic, one certainly hopes to find a more direct proof with more standard Ricci flow techniques. By extending a method originally introduced in Chen-LeBrun-Weber [7] , we can prove 1 Theorem 1.1. If (M, g) is a toric Fano surface, then the Kähler Ricci flow initiated from any Kähler metric in the canonical class will converge to a Kähler Ricci soliton up to some holomorphic transformations.
In our proof of theorem 1.1, Perelman's deep work in general Kähler Ricci flow is essentially used. According to his unpublished result, the scalar curvature and diameter are uniformly bounded along the flow. Combining this with his celebrated no-local-collapsing theorem in [17] , we get an important fact that the volume ratio must have a uniform lower bound along the flow. These estimates of Perelman play crucial roles in our proof.
The new ingredient of our proof is that we classify topology of the "deepest bubbles" (blowup limits) and employ topology obstructions to rule out the existence of these bubbles. This ruling-out-bubbles argument gives us a uniform Riemannian curvature bound along the flow. Comparing to [7] , we carefully avoid the use of a sharp bound on the energy functional (which is crucial in [7] ). Then by the classification of Fano surfaces, we show that the holomorphic structures do not jump when we take a limit and the limit manifold is a Kähler Ricci soliton. After we obtain the existence of Kähler Ricci soliton in canonical class, following [8] , the exponential convergence of the flow is more or less standard now.
The celebrated work of G. Perelman successfully used Ricci flow to settle the Poincare conjecture (See [17] , [18] , [19] ). This will certainly inspire generations of young differential geometers to tackle difficult topological problem via the method of geometrical analysis. In our little note, we use the underlying topology to control the evolving curvature. There seems to be very few such examples in the vast literature on Ricci flow. Perhaps this method will be more powerful than the mild result obtained in this note.
Ricci flow was first introduced by R. Hamilton in [11] . There are extensive literatures in Ricci flow and we don't want to exhaust a list of references in such a short note. Thus, we refer interested readers to the excellent book on Ricci flow [6] for updated references.
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We notice that a recent work in [21] overlaps our work partially in the case CP 2 #CP 2 .
2 Basic Kähler geometry
Setup of notations
Let M be an n-dimensional compact Kähler manifold. A Kähler metric can be given by its Kähler form ω on M . In local coordinates z 1 , · · · , z n , this ω is of the form
where {g ij } is a positive definite Hermitian matrix function. The Kähler condition requires that ω is a closed positive (1,1)-form. Given a Kähler metric ω, its volume form is
The curvature tensor is
The bisectional curvature and the curvature tensor can be mutually determined. The Ricci curvature form is
It is a real, closed 
The Kähler Ricci flow
Now we assume that the first Chern class c 1 (M ) is positive. The normalized Ricci flow (c.f. [5] ) in the canonical class of M is:
It follows that on the level of Kähler potentials, the Ricci flow becomes
where h ω is defined by
Then the evolution equation for bisectional curvature is
The evolution equation for Ricci curvature and scalar curvature are
One shall note that the Laplacian operator appears in the above formulae is the Laplacian-Beltrami operator on functions. As usual, the flow equation (1) or (2) is referred as the Kähler Ricci flow on M . It is proved by Cao [5] , who followed Yau's celebrated work [28] , that the Kähler Ricci flow exists globally for any smooth initial Kähler metric.
In his unpublished work, Perelman got some deep estimates along Kähler Ricci flow on a Fano manifold. We list his estimates below. The proof can be found in [20] .
Facts proved by G. Perelman in Kähler Ricci flow:
a. Scalar curvature uniformly bounded. i.e.,
b. Diameter uniformly bounded from above. i.e.,
under the metric g(t), we have
Properties of bubbles
Let {(M, g(t)), 0 ≤ t < ∞} be a Kähler Ricci flow solution on a Fano surface M . If the Riemannian curvature is not uniformly bounded, then there is a sequence of points (x i , t i ) with
In other words, it is
where
. Therefore, we have the smooth convergence
Since Riemannian curvature's L 2 norm is a rescaling invariant, we have
In the last step, we use Perelman's estimate that scalar curvature is uniformly bounded. We also have convergence of complex structures and denote J ∞ (0) as the limit complex structure. By the result of [3] , we know (X, g ∞ (0), J ∞ (0)) is a Ricci flat ALE Kähler space of order 4. It has maximal Riemannian curvature norm 1 and clearly it is nonflat. For convenience, we denote g ∞ (0) as h, J ∞ (0) as J, and ω as the metric compatible with h and J.
Definition 3.1. We call such a limit noncompact Kähler manifold (X, h, J) a bubble.
Since (X, h, J) is a Ricci flat Kähler ALE manifold, it naturally has a hyper Kähler structure and therefore (X, h, J) is a gravitational instanton. In [16] , Kroheimer has classified all these gravitational instantons.
Property 3.1. Let Γ be a finite subgroup of SU (2) and π : M → C 2 /Γ be the minimal resolution of the quotient space C 2 /Γ as a complex variety. Suppose that three cohomology classes α I , α J , α K ∈ H 2 (M ; R) satisfy the non-degeneracy condition for each Σ ∈ H 2 (M ; Z) with σ · σ = −2 there exists A ∈ {I, J, K} with α A (Σ) = 0.
Then there exists an ALE Riemannian metric g on M of order 4 together with a hyper Kähler structure (I, J, K) for which the cohomology class of the Kähler form [ω A ] determined by the complex structure A is given by α A for all A ∈ I, J, K. Conversely every hyper Kähler ALE 4-manifold of order 4 can be obtained as above.
Applying this property, we get X must be diffeomorphic to a minimal resolution of C 2 /Γ for some finite group Γ ⊂ SU (2). Since (X, h, J) is a nonflat Ricci flat manifold, Bishop's volume comparison theorem and Cheeger's result prevent |Γ| to be 1. So |Γ| ≥ 2. The exceptional set E of the minimal resolution X → C 2 /Γ decomposes to a union of CP 1 's:
and the intersection matrix Σ i · Σ j is the negative of the Cartan matrix associated to the root system of Γ. In this way the set {Σ 1 , · · · , Σ n } can be identified with the set of simple roots. On the other hand the set of the classes
} gives a basis of the second homology group H 2 (M ; Z). Moreover, the set {Σ ∈ H 2 (M ; Z)|Σ · Σ = −2} is identified with the set of roots.
In particular, in the bubble X, there must exist an element
Since the pointed manifold (X, x ∞ , h) is a smooth limit of (M, x i , g i (0)), we can easily have the following property.
Corollary 3.1. The Kähler Ricci flow solutions on CP 2 and CP 2 #C P 2 keep the Riemannian curvature uniformly bounded.
Proof. If the Riemannian curvature is not bounded. Then the flow would bubble off a gravitational instanton (X, h, J) which contains a compact smooth 2-submanifold C whose self intersection number is −2. By the smooth convergence property, we can get a sequence of closed smooth 2-dimensional smooth manifolds
In particular C i is diffeomorphic to C and a small tubular neighborhood of C i is diffeomorphic to a small tubular neighborhood of C. Therefore,
and 
where H is the hyperplane and E is the exceptional divisor. So
since p 2 − q 2 = −2 has no integer solution.
c 1 (M ) can also be looked as an element in H 2 DR (M ) for the image of c 1 (M ) under the natural map H 2 (M, Z) → H 2 DR (M ). From Mayers-Vietoris sequence, we see that H, E 1 , E 2 , · · · E N are the generators for H 2 (M, Z). So if L is a smooth real two dimensional manifold without boundary. Then
Lemma 3.1. For every closed 2-dimensional submanifold C of X, we have
In particular, (X, h, J) doesn't contain any compact holomorphic curve.
Proof. Fix a closed 2-dimensional submanifold C ⊂ X. By the smooth convergence property, we know there is a sequence of closed 2-dimensional smooth manifolds C i ⊂ M such that
Therefore,
Use Wirtinger's inequality, we get
where α is the Kähler angle. Consequently, for large i, the following inequality hold
On the other hand, we know [ω i (0)] = Q i c 1 (M ), this tells us that
where we denote a i = C i c 1 (M ) ∈ Z. So we have inequality
Note that Area h C is a fixed number and Q i → ∞, so |a i | → 0. However, a i are integers. This forces that for large i, a i ≡ 0. Now we go back to equality (7)and see for large i, we have
Now by the smooth convergence property (6), we get
If (X, h, J) is a bubble coming from a toric Fano surface, it has more properties. Note that every toric surface contains two nontrivial commutative holomorphic vector fields. These two commutative nontrivial holomorphic vector fields will pass to the limit bubble (X, J). Therefore the bubble (X, J) has a natural (C * ) 2 action and it is a noncompact toric surface. Now consider the fan corresponding to this toric surface. It must contain a ray which is not on the boundary of this fan. Otherwise X is holomorphic to C 2 , it's impossible. Then this ray corresponds to a compact divisor which is a compact holomorphic curve in X. This contradicts to Lemma 3.1. So we have Corollary 3.2. {(M, g(t)), 0 ≤ t < ∞} is a Kähler Ricci flow solution on a toric Fano surface M in canonical class. Then the Riemannian curvature along this flow is uniformly bounded.
Remark 3.1. If the initial metric g(0) is toric. Then at every time t, metric g(t) is toric and if there is a bubble (X, h, J) coming out of this flow. Follow the argument in [7] Proposition 16, one can also get (X, h, J) must contain some holomorphic CP 1 's. Now we don't need the metric to be toric. Moreover, the argument can be applied to higher dimensional case. This will be discussed in more details in a forthcoming paper.
It is well known that there are only five kinds of toric Fano surfaces: 
Convergence
From the uniform Riemannian curvature bound, for any sequence t i → ∞, we have that (M, g(t i )) smoothly subconverges to a Kähler Ricci soliton (M ,ĝ) up to diffeomorphisms. But it is possible that the limit depends on the choice of subsequence andM may not be biholomorphic to M . In this section, we will rule out these possibilities.
Property 4.1. M 1 and M 2 are two Fano surfaces and they are diffeomorphic to each other. Then they are of the same type.
Proof. Since c 2 1 is a topology invariant, we get c 2 1 
The intersection forms assure that
Therefore a 1 a 2 = 1 2 which is impossible since both a 1 and a 2 are integers! Property 4.2. Suppose {(M, g(t)), 0 ≤ t < ∞} is a Kähler Ricci flow solution on a Fano surface (M, J) with Riemannian curvature uniformly bounded. Then for any t i → ∞, we have diffeomorphisms φ i and subsequence convergence
where (M ,ĝ,Ĵ ) is a Kähler Ricci soliton. Moreover, (M ,Ĵ) is a Fano surface of the same type as (M, J). In particular,
Proof. Since the Riemannian curvature is uniformly bounded, by the monotonicity of Perelman's functional, it is not hard to see that (M ,ĝ) is a Kähler Ricci soliton. Readers are refereed to Natasa Sesum's work [22] for more details. So there is a real function f such that (R) ij − (ĝ) ij = f ij , f ij = fīj = 0. Therefore, [(R) ij ] = [(ĝ) ij ] > 0. So (M ,ĝ) has positive first Chern class and it becomes a Fano surface. Moreover, sinceM is compact, it is diffeomorphic to M . By Property 4.1, we see (M ,Ĵ ) is of the same type of (M, J). Since the dimension of holomorphic vector fields is only determined by the type, we get dim(Aut(M, J)) = dim(Aut (M ,Ĵ ) ). By the uniqueness of Kähler Ricci soliton in [24] , we get different sequence limit solitons differ only by automorphisms.
We already have the uniform boundedness of Riemannian curvature and the existence of Kähler Ricci soliton in the canonical class. Moreover, we know the complex structure does not jump when we take sequential limit. Use the method initiated in [8] , we can show the exponential convergence of the Ricci flow. Readers are referred to [8] and [25] for more details.
Theorem 4.1. Suppose {(M, g(t)), 0 ≤ t < ∞} is a Kähler Ricci flow solution on a toric Fano surface. Suppose ω f is a Kähler Ricci soliton form in the canonical class, g f be the corresponding metric. I.e.,
Then there is a family of automorphism σ t ∈ Aut(M, J) such that σ * t (g(t)) converges exponentially fast to g f .
